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Distributed robust statistical learning: Byzantine mirror descent

Dongsheng Ding, Xiaohan Wei, and Mihailo R. Jovanovié

Abstract— We consider the distributed statistical learning
problem in a high-dimensional adversarial scenario. At each
iteration, m worker machines compute stochastic gradients
and send them to a master machine. However, an a-fraction
of m worker machines, called Byzantine machines, may act
adversarially and send faulty gradients. To guard against faulty
information sharing, we develop a distributed robust learning
algorithm based on mirror descent. This algorithm is provably
robust against Byzantine machines whenever o € [0,1/2). For
smooth convex functions, we show that running the proposed
algorithm for T iterations achieves a statistical error bound
O(1/V'mT + a/V/T). This result holds for a large class of
normed spaces and it matches the known statistical error bound
for Byzantine stochastic gradient in the Euclidean space setting.
A key feature of the algorithm is that the dimension dependence
of the bound scales with the dual norm of the gradient; in
particular, for probability simplex, we show that it depends
logarithmically on the problem dimension d. Such a weak
dependence is desirable in high-dimensional statistical learning
and it has been known to hold for the classical mirror descent
but it appears to be new for the Byzantine gradient scenario.

I. INTRODUCTION

Modern statistical learning usually requires algorithms to
learn a prediction model in a high-dimensional space from
massive amounts of data. Since the training data are often
spread across a large number of local worker machines,
efficient algorithms should make local machines collabora-
tively learn a shared model, while maintaining distributed
computation and storage. This is one of the main topics
of Federated Learning [1]-[3]. However, such a distributed
learning brings new challenges not faced by classical cen-
tralized learning including communication/storage failure
and adversarial attacks from malicious worker machines.
Thus, robustness against arbitrary unpredictable corruptions
becomes crucial to improving the learning efficiency, a topic
that has been investigated in a series of recent papers [4]-[7].

A well-known model that accounts for abnormal worker
machines is the Byzantine failure model [8]. In this model,
faulty Byzantine machines can send arbitrary messages to the
master machine. We assume that these Byzantine machines
have a complete knowledge of the system and learning
algorithms and that they can collude with each other. One
recent surging research interest is to investigate the robust-
ness of different optimization and learning algorithms against
Byzantine failures with provable statistical or computational

Financial support from the National Science Foundation under Award
ECCS-1809833 and the Air Force Office of Scientific Research under Award
FA9550-16-1-0009 is gratefully acknowledged.

D. Ding, X. Wei, and M. R. Jovanovi¢ are with the Ming Hsieh
Department of Electrical and Computer Engineering, University of Southern
California, Los Angeles, CA 90089. E-mails: dongshed@usc.edu, xiao-
hanw @usc.edu, mihailo@usc.edu

978-1-7281-1397-5/19/$31.00 ©2019 IEEE

guarantees. Some recent works along this direction include
batch gradient descent [4], [5], [7], stochastic gradient de-
scent (SGD) [1], [6], [9], and alternating direction method
of multipliers (ADMM) [10].

A. System model

We assume that the training data z are sampled from some
unknown distribution D on the sample space Z. Let f(w; z)
be a corresponding loss function where w € W C R?
and W is the parameter space. The goal of the statistical
learning is to learn a model w* defined as the minimizer of
the population loss function F'(w) := E,p [f(w; 2)],

w* = argmin F(w). (1)
weW

The computational model consists of one master machine
and m worker machines. At iteration ¢, the ith worker
machine receives a data point z which is sampled in-
dependently from the distribution D. The empirical risk
function for the population loss F'(w) at iteration ¢ becomes
Fy(w) = L3>, f(w;z}). Among m worker machines, we
assume that an a-fraction of them are Byzantine, meaning
that they can send arbitrary messages to the master machine
synchronously. At iteration ¢, each worker machine receives
the current iterate wy, utilizes local data point z} to compute
the associated gradient and returns it to the master machine.
There are two possibilities: (1) a non-Byzantine machine
returns V f(wy, 2f) where z! ~ D; (2) a Byzantine ma-
chine adversarially returns arbitrary vector. After receiving
information from all worker machines, the master machine
aggregates them for the optimization routine and generates
the next iterate w41, and then broadcasts w;; to all worker
machines. After T iterations, the master machine should
obtain an approximate solution to the optimal solution in (1).
In this paper, we study such distributed computational
models that can be used for general distributed statistical
learning problems. We propose a new learning algorithm that
includes mirror descent algorithm [13] as the optimization
routine and study its convergence properties. Benefited from
mirror descent, we are enabled to adapt our algorithm to
the problem geometry so that its convergence has a weak

dependence on the problem dimension d.

B. Related work

Among various works on distributed statistical learning
under Byzantine failures [1], [4]-[7], [9], the closely-related
work is [6]. The authors present a robust variant of SGD
where the gradient is calculated through a median aggrega-
tion of gradients from worker machines on the fly. Using
the property of median and bounded good gradients, the
authors achieve a convergence rate O(V (1/v/mT+a/VT)),
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where V' is the Euclidean norm bound of the stochastic
gradient which usually scales with v/d. A more challenging
scenario shown in [7] is that the good gradients obtained
by earnest worker machines are unbounded heavy-tailed.
Robust aggregation methods such as adaptive truncated mean
of sampled gradients or entry-wise median-of-mean are
used in [7] to design robust batch gradient algorithms. The
achieved statistical rate is O(poly(d) (1/vmT + a/v/T)),
which only works well in low-dimensional scenarios due to
the polynomial factor poly(d).

In the earlier results of [4], [5], other types of aggregation
methods such as the geometric median-of-mean are used
to estimate the population gradient in robust batch gradient
algorithms. However, compared to the aforementioned work,
the dependence of their statistical rates on « is suboptimal,
e.g., O(poly(d)\/a/T). In [14], [15], different heuristic
mechanisms are proposed for defending against an arbitrary
number of Byzantine machines in batch gradient methods.

C. Our contributions

We build on mirror descent [13] and introduce a simple
distributed robust learning algorithm against Byzantine ma-
chines for o € [0,1/2). This method enables us to adapt
the algorithm to the problem geometry so that the error
bound has a mild dimension dependence. In any normed
space (R?, || - ||), when the function is convex and smooth,
running the proposed algorithm for 7' steps achieves the
statistical error bound O(V/ (1/vV'mT +a/VT)) where o()
omits some logarithm factors and V' is the dual norm bound
of gradients. Particularly, when the space is a probability
simplex with ¢;-norm, the dual norm bound is dimension-
free. This is a desirable feature in high-dimensional statistical
learning for it implies that the statistical error bound scales
logarithmically to the dimension d.

D. Organization of the paper

In Section II, we prepare some preliminaries. In Sec-
tion III, we introduce the Byzantine mirror descent algorithm.
We show the convergence analysis in Section IV. We discuss
the probability simplex case in Section V and we close the
paper in Section VI.

II. PRELIMINARIES

Let ||-|| be any norm in R¢. The dual norm |||, is defined
as [|gll« = supj <1 g7 z. Let W € R? be a compact, convex
set with diameter W.

Definition 1: Let f : W — R be a differentiable function.

(1) f is o-strongly convex w.rt. || - |, if f(y) > f(z) +
(Vf(@),y— o)+ gy — 2[*, Yo,y € W;

(2) fis L-smooth w.rt. || - ||, if |[Vf(z) — Vf(y)|. <
Lz —yl|, Vz,y € W;

(3) f is G-Lipschitz (continuous) w.rt. | - ||, if
[V f(@)]« <G, Yz eW.

Definition 2: Let X C R? be an open convex set such

that W C X and X N W # 0.

(1) ® : X — R is a mirror map, if it satisfies: (i) P is
1-strongly convex w.r.t. || - ||, and differentiable; (ii)
Ve(X) = R% (i) lim [[VE(x)|| = +oo;

(2) The Bregman divergence associated with ® is

Da(z,y) = @(z) — ®(y) - Vo(y)" (z —y).

Examples of such mirror maps and the associated Bregman
divergences are given as follows. The simplest example is
when X = R? and ®(x) = 1|/z||3. The function ® is a
mirror map that is 1-strongly convex w.rt. || - ||2, and the
associated Bregman divergence is Do (z,y) = 3|z —y[3; A
more interesting example is when X = {z € R : 2(i) > 0}
and ®(z) = Zle x()log () (i.e., negative entropy). By
Pinsker’s inequality, the mirror map ® is 1-strongly convex
w.r.t. || - |1 on the probability simplex {z € R? : z(i) >
0, Zle x(¢) = 1}, and the associated Bregman divergence
is given by Dg(z,y) = Z?Zl z() log ";8 also known as
Kullback-Leibler divergence.

Definition 3: The Banach space (R?, ||-||) is 2-smooth, if
the modulus of smoothness

{30+ s+ 1o - - 1]

(1) = sup

lzll=1,llyll="
behaves as p(7) < C7? for some constant C.

Remark 1: This definition is unintuitive from the first
sight, however, one can show that for any norm || - ||,,1 <
p < oo, the corresponding Banach space (RY, || - ||,) is 2-
smooth. Furthermore, when (R?, ||-||,) is a 2-smooth Banach
space, there always exists a ®(-) which is 1-strongly convex
w.r.t. the primal norm || - || (see [16]). Such a condition is
crucial since our algorithm is of proximal gradient type and
it ensures the existence of a strongly convex regularizer. But
when || [« = || loos (R%, ]| - ||oo) is not 2-smooth. We will
address this additional case separately in Section V.

For succinctness, we denote D = Dg. We take a variant of
the mirror descent scheme [13] based on a mirror map ® as
follows. The algorithm maintains iterates {wy, & }52, within
WxRY, At iteration t, it computes the gradient &; = VF(w;)
and performs the updates,

wppy = argmin 7§, w —wy) + D(w,wy)  (2)
wew
where w; € X and n > 0 is the constant stepsize. We state
an important property of iterates {ws,&;}i2; in Lemma 1;
see [17, Lemma 14] for a general version.

Lemma 1: Let ® be a mirror map. Let {w;,&}52; be
generated by (2). Then, we have (&, w; — w) < (&, wy —
Wit1) — D(wegr, we) /1 + (D(w, we) — D(w, wir1))/n.

In the Byzantine setup, since Byzantine machines can send
wrong gradients, it is difficult to obtain an unbiased estimate
of the population gradient. The following concentration result
will be useful for us to deal with this issue.

Lemma 2: [18, Theorem 3] Let (R% || - ||) be a 2-
smooth Banach space. Assume X, --- , X7 be a martingale
difference sequence in R? with || X;|| < M. For any & > 0,

it holds
> 2\/2T(R+2\/2log‘f>M> <

d

T
>
k=1
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where R2 := sup, ey Da (2, 9).

When gradient estimates are not far away from the pop-
ulation gradient, the mirror descent algorithm is expected
to return an approximate solution to the optimization prob-
lem (1) after T iterations. Let w; € VW be an initial point.
Let a-fraction of m worker machines be Byzantine where
a € [0,1/2). Let 2 C [m] be an unknown set of good or
non-Byzantine machines. At iteration ¢, all worker machines
receive the same iterate w; from the master machine. Then
they utilize their own sampled data points z{ to compute
local gradients Vi := V f(wy,z}) and send them back, if
they satisfy Assumption 1.

Assumption 1: Let Vy := VF(w;). At each iteration ¢,
there exists V' > 0 such that worker machine ¢ € () satisfies

IV = Vel < V.

The rational behind Assumption 1 is that the gradients
of all good machines behave mildly, not far away from
the population gradient V, which is unknown. Although
Byzantine machines may also satisfy this assumption, their
effect on the solution quality is negligible as we will show
in the next section.

III. BYZANTINE MIRROR DESCENT

We propose a robust variant of mirror descent to the
Byzantine setting. We describe this algorithm in Algorithm 1
as Byzantine mirror descent. Let [T] = {1,2,---,T} be a
set of iteration indices and [m] = {1,2,--- ,m} be a set of
worker machines. At each iteration ¢ € [T, the algorithm
maintains iterate (w;,&;) € W x R? and a set of “good”
worker machine in €; C [m]. The gradient estimate &; is
computed using the averaged gradients in (),

1 _
& ==Y Vi (3)
m
1EQ
where the set {); is maintained by tracking two running
sequences for each worker machine ¢ € [m)],

t
B} = > Vi.
k=1

By the martingale concentration, for each good worker
machine i, B% will concentrate at the population sum B} =
Zle V. with a maximum deviation of /7. If some worker
machines are too far away from the mean, we can mark them
as Byzantine machines. However, some Byzantine machines
may hide themselves with small deviation in terms of B{. To
identify such Byzantine machines, we further consider the
martingale concentration for A%, If A! is too far away from
the population sum AF = St (Vi wp — w;), we mark
them as Byzantine machines. By removing these Byzantine
machines, we put the rest in the set {2; as an estimated set
of good machines at iteration .

We start ; with [m]. The set €; contains all machines
i € Qu1, whose A%, B! and Vi are close to their medians
Amed pmed - and VMed with thresholds T4, Iz and 4V re-
spectively. We will show that if we choose these thresholds

t

A} = (Vi wp —wi),
k=1

appropriately, then 2, contains all good machines, i.e., {2 C
Q;. Thus, (3) works as an estimation of the population
gradient at iteration ¢ in terms of the boundedness of errors,

T
Z Z(V; — Vt,wt —w*>

B =
t=1icQ,
1 T 1 ‘ @
Ey, = T; E;(szvt) .

where F; is the accumulative optimality bias, and Fo mea-
sures the variance of estimating the population gradient.

Algorithm 1 Byzantine mirror descent

Input: Learning rate n > 0, starting point w; € X,
diameters W, R > 0, number of iterations 7°, constant
thresholds I4 = AWV AV2T and Ig = 4VA2T, and
A= R+2\/210gm%T.

1. Q< [m];

2: for all t + 1 to T do

3: for all - < 1 to m do

4 receive Vi € R? from worker machine i € [m)]

5

t

D Vi

t
A; — Z(Vi,wk—wﬁ, BZ —

k=1 k=1
end for
Amed .= median( A}, - -+, A7)
8: Brd + B! where i € [m] is any machine s.t.
{7 € Im] 1B = Blll. < Is}| > 5
9:  Vid + Vi where i € [m] is any machine s.t.
. i i m
7€l IVi = Vil <2V} > o

10 Q  {i € Qo oz A — AP < Ta A||Bf -
B, < Ip A|IVE = Vi<l < 4V}

f=—3vi
1E€Q:

12: w1 = argming, ¢y, D(w, wy) + 0 (&, w—wy)
13: end for

IV. CONVERGENCE ANALYSIS

In this section, we show upper bounds for errors F; and
E», and provide statistical error bound analysis when the
objective function is convex and smooth.

A. Three events

Denote A := R + 24/2log M%T. We use Lemma 2 to
identify probability bounds for martingale sequences A%, B!
and V; over iteration ¢t. We describe them as follows.

Proposition 3: Let

t
Z (Vi,wi —w1), AP = median(A},---, A7").
k=1

A =
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With probability at least 1 — 6/4, we have
(1) foralli € Qand t € [T)], |AL — AF| < 2WVAV2t;
(2) foralli € Q and t € [T], |A} — AT < AWV A2t
and |AF — AT < 2WV AV2t;
(B) | YicalAl — A7) < 2WVAV2Tm.
We denote this event by Event 4.
Proof: See Appendix A. [ ]
Proposition 4: Let Bf = Y, _, Vi, and B = B!
where 7 is any machine in [m] such that at least half of
machines j € [m] satisfies | B} — Bi||. < 4VAV/2t.
With probability at least 1 — §/4, we have
(1) foralli € Q and t € [T], | Bi — Bf|l. <2VAV2t;
(2) forall t € [T, each i € 2 is a valid choice for B¢ =
Bi;
(3) foralli€ Qandte [T)], |B;—
and || B} — B, < 6VAV2t;
@ | Xiea(Bi = Bp)ll- < 2VAV2Im.
We denote this event by Eventp.
Proof: See Appendix B. [ ]

Proposition 5: With probability at least 1 — d/4, we have

2 2A2
2> wi-v| <22
m <

1€Q)

Bred||, < 4VAV2t

m

*

for all ¢ € [T]. We denote this event by Eventc.
Proof: See Appendix C. [ ]

B. Key upper bounds

Denote I4 := 4WVAV2T and Ig := 4VAV2T. We
compute V! = V? where 7 is any machine in [m] such that
at least half of machines j € [m] satisfies |Vi—V7|. < 2V.

Proposition 6: Forallt € [T], each i € § is a valid choice
for VPd = Vi, and ||V — V. < 3V.

Proof: See Appendix D. [ ]

Proposition 7: 1If Event4 and Eventp hold, then Q2 C
for ¢t € [T1.

Proof: See Appendix E. [ ]
We show upper bounds for E; and E5 in Lemmas 8 and 9.
Lemma 8: If Eventy and Eventp hold, then

|E1] < AWVAV2Tm + 16amWVAV2T.

Proof: See Appendix F. [ ]
Lemma 9: If Eventy, Eventp and Evente hold, we have
16V2A2
Ey < /= 4 32a2V2.
m
Proof: See Appendix G. [ ]

C. Statistical error bound

Theorem 10: Let (R, ||-||.) be a 2-smooth Banach space.
Let the objective function F'(w) be G-Lipschitz and L-

smooth, and Assumption 1 hold. Suppose n < ﬁ, Iy =

AWV AV2T, and Ip = 4V AV2T. Then, with probability
at least 1 — 4§, we have

2R? VAW2mMT + 4 2T
F) — Fuw*) < R +8W (vV2mT + 4amv2T)
nT mT
2V2A2
T (” " 64a2V2>
m
where @ 1= & 21 w1

Proof: First we have the decomposition Zthl (&, ws —
wy =541 Zthl Y ica, (Vi, wi—w*). By the convexity
and the L-smoothness of F, we know (Vi w; — w*) >
Fwg) = F(w*) > F(wiy1) = (Vi wepn —wy) —
wy||?. Thus, we have

%Hwtﬂ -

1
T

M’ﬂ

(&, wy — w*)

T
ZZ (wes1) — F(w"))
t=14€Q,

(Vi w1 —wy) +

1

~
Il

Y

L
§||wt+1 —wt||2)~

T
Z
- )

On the other hand, we substitute w = w* and & =
%Zieﬂt Vi.igto the'inequality in Lemma 1. The time
average of this inequality over ¢ becomes

1 T
7Z<£t7wt -
T t=1

Dm S\H

1 .
E Z V;,wt—wt+1>

1E€Q:
D(w*,wy) — D(w*, wr1)
nT '

Due to the 1-strongly convexity of ® in the primal norm
I|-1l, we have D(w; 1, w;) > ||wsy1 —we||?/2. Combing the
above inequality with (5) yields

*ZZ

t=11i€Qy

e

t=1

F(w?))

wt+1

T
1 1 L 5  D(w*w) Ey
T2 (5 2) e = wral + === =
1 T 1
S 7 Z Z(Vt = VI Nwirr — well
t=1 1€Q *
T
1 R? E,
7Tg||wt*wt+1|| + oT  mT
R B
<L 2L R
- nT mT + ok
where we use % — % > ﬁ and D(w*,w;) < R? for the

second inequality; the third inequality is due to 2||al|.||b|| <
llallZ + [Ib]I*.
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Finally, we collect the upper bounds on |E;| and F> and
use the convexity of F' to complete the proof.

S S (Fluen) - Fw)
t=11€Q;
1 T
> 57 D (F(uwen) - Flu)
> S(F@) - Fw)

|
Remark 2: When the gradients Vi are exactly the popula-
tion gradient V,, the dual norm bound of gradients becomes
V = 0. The first term O(R?/T) matches the standard rate
for the mirror descent [13] when the objective function is
convex and smooth. The error bound in Theorem 10 can
be tuned to be optimal by choosing 7 carefully. There
are two cases. (i) when am > +/m, we choose n =
min(1/(aVV/T),1/(2L)); and (ii) when am < \/m, we
choose n = min(y/m/T/V,1/(2L)). Thus, we have

=)< 0(1 (£ 7 5)

When there are no Byzantine worker machines, i.e. o = 0,
the first two terms are similar to the rate for the classical
mini-batch SGD [19]. The last term accounts for Byzantine
worker machines if o« # 0.

V. PROBABILITY SIMPLEX CASE

When the dual norm ||« ||« = || ||, the associated Banach
space (R?, || - ||oo) is not 2-smooth and Lemma 2 does not
apply. Even though, we can still use the proposed Byzantine
mirror descent, but with some changes in the algorithm
setting.

We set the mirror map ® be the negative entropy, and the
constraint set VY be the probability simplex. Thus, we replace
the type of norm in all previous bounds for gradients by
oo-norm. First, the upper bound in Assumption 1 becomes
entry-wise bounded. Second, not Lemma 2, we use the
Azuma’s inequality [20, Theorem 17] to establish similar
concentration results in Section IV-A and Section IV-B. We
omit them here due to the limit of space. We just mention
some changes in the algorithm. Since ® is 1-strongly convex
w.rt. || - [[1 on W, the diameter of W is W = 1. We choose

Iy =1Ip =4VAVT and A = /log 2L Upper bounds
for F'; and F are given as follows, which are similar to [6,
Lemma 3.6] and [6, Lemma 3.7].

|Ei| < 4VAVTm + 16amVAVT
AV2 A2 (6)
E2 =~ 4 + 32052V2.
Theorem 11: Let (RZ, || - ||+) be equipped with the norm

Il - l« = || - |loo- Let the objective function F(w) be G-
Lipschitz and L-smooth, and Assumption 1 hold. Let the
mirror map ®(w) be the negative entropy. Suppose 1 < 5~
and I4 = I = AVAVT. Then, with probability at least

1 — 4, we have

_ 2(log d)? 8VA( T + 4amvV'T)
_ ) <
F(o)-F(u) < 2% ot
2
+n(4V A* +32a2V2)
m

_ T . . .
where w = % > ;-1 w1 and d is the problem dimension.

Proof: The proof is similar to proving Theorem 10. We
use the error bounds in (6) and R? = logd. |

Remark 3: 1f we choose 7 optimally as in Remark 2, then

logd 1 )
+—+

T VmT VT

The upper bounds G and V' in Definition 1 and Assumption 1

become entry-wise constants when || - ||« = || - [lo- T

only left dimension factor is log d. Therefore, the above error

bound is almost dimension-free, meaning that it scales as

O(logd).

F(w) — F(w*) < O(

VI. CONCLUSION

In this paper, we propose a new variant of the mirror
descent for robust distributed learning problems in Byzantine
setting. We show the robustness of this algorithm to Byzan-
tine failures whenever the fraction of Byzantine machines
a € [0,1/2). In T iterations, we show the statistical error
bound O(1/v/mT + o/v/T) when the objective function
is convex and smooth. In the probability simplex case,
the statistical error bound enjoys the almost dimension-free
property, i.e., it scales as O(logd), where d is the problem
dimension.

APPENDIX
A. Proof of Proposition 3

(1) Note that E[(V} — Vi, wr — w1)] = 0 and (Vi —
Vi, wi —w1)| < [V, = Vil - lwg — w1 < V.
Therefore, we can use Lemma 2 by choosing X =
(Vi — Vg, — x1). First we can obtain that |A} —
A*| < 2WV AV/2t holds with probability at least 1 —
ST T Then we take an union bound over ¢ € {2 and
te[T).

(2) Since || > m/2, a special case of (1) is that |A} —
Amed| < 2IWV AV/2t. By the triangle inequality, we
have |Al — ATed| < AWV AV/2L.

(3) If we apply Lemma 2 on {X;, X, -, Xpq} =
{{V}, = Vi, wp —w1) }re[r),ic, We can have a similar
bound as (1).

B. Proof of Proposition 4

(1) Note that E[V¥] = V, and ||[VF — Vil
Similarly, we apply Lemma 2 with X = V¥ — vV,
and then take a union bound over ¢ € Q and ¢ € [T].

(2) From (1), it is clear that every i,j €  have ||Bi —
Bil. < AV A+/2t. Therefore, each i € Q is a
candidate for B4,

(3) By the definition of B¢ and the triangle inequality,
this is a consequence of (1).
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(4) If we apply Lemma 2 with {X1, Xy, -+, Xpg)} =
{V¥ — Vi kerr),ic. We can have a similar bound as
in (1).

C. Proof of Proposition 5
We apply Lemma 2 with X; = Vi —V, for all i € Q first
and then take an union bound over ¢ € [T].

D. Proof of Proposition 6

According to Assumption 1, we have ||Vi — V||, < 2V
for i,j € Q. Due to a € [0,1/2), every i € Q is a
candidate for V"¢ = Vi. For the second part, we show it by
contradiction. If ||V — V||, > 3V, then |V — V|, >
[Vred 74| — || Vi= V4|« > 2V fori € Q. This contradicts
the definition of V! due to o < 1/2.

E. Proof of Proposition 7

By Proposition 3(2), Proposition 4(3), and Proposition 6
that, we know |A! — AMd| < [, ||Bi — B™Y||, < Ip, and
[Viped — V||, < 4V for any i € (2. Therefore, no elements
from Q will be removed from ; for ¢ € [T].

F. Proof of Proposition 8
Let T; € {0,1,---,T} be the maximum iteration index
so that ¢ € Qr,. The E; can be decomposed into two sums,

Z Z(Vi — Vt,wt —UJ*>

te[T)1€Q
= Y (A7 — A5+ (Bf — Bpwi — ")) 7
i€Q _ _
+ S7(AR, — Af, + (B, — B —w)).
i#Q

For the first sum, by Proposition 3(1) and Proposition 4(4),
we have |}, (A} — A%)| < 2WVAV2T'm and
| Y ica(Bi — Br,wir — w*)| < 2WVAV2T'm. For the
second sum over i ¢ €, by the definition of I4 and T,
we have |A}, — A%ed\ < AWV AV2T; < I,. Combining
this with Proposition 3(2) yields

Al — A3, | < A, — AR 4 AR A | < 6WVAVAT.

Similarly, we have ||Bf, — Bf!|. < 4VAV2T; < Ip.
Combining this with Proposition 4(3) yields

1B, = Byl < 1By, — BE|l« + | B! - By, |-
< 10VAVAT.

Finally, we collect these bounds for (7) and use the fact
[[m]\Q| = am to complete the proof.

G. Proof of Proposition 9
For each ¢ € [T], we have

1 ‘ 2
EPIUERD
1€Q *
1 , 2 1 4 2
< 2 EZ(W_%) + QHm > (Vi)
= * i€Q\Q *
16V2A2
L + 32a2V2
m

where the first inequality follows [la+b||2 < 2[a||? +2||b]|?,
and the second uses Proposition 5 and Proposition 6 by
noting that [Q;\Q| < am.
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